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incorporating various active resources and loads, as well as the flexibility constraints specific to EHs.
The flexibility model hinges on the active power generated by these resources. The flexibility price
is determined by the Lagrange coefficients corresponding to the flexibility constraint. To compute

Accepted: 31 July 2025. this price, a penalty function associated with the flexibility constraint is incorporated into the

Article type: objective function. The proposed framework is implemented in the GAMS software environment and
Research Article tested on a 9-bus electric grid, a 4-bus gas system, and a 7-bus thermal network. Ultimately, the
scheme’s effectiveness in enhancing operational performance, flexibility, and economic outcomes
for both energy networks and EHs is thoroughly analyzed. So that based on optimal operation of
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1. Introduction

Concerns over environmental pollution stemming from excessive fossil fuel consumption have prompted various organizations to
advocate for the adoption of environmentally friendly energy sources. As a result, recent years have seen a notable rise in the
integration of renewable energy sources (RES), such as wind and solar systems, into power grids. Additionally, deploying distributed
generation (DG) at local consumption points diminishes reliance on centralized power plants, contributing to reduced emissions from
these plants. DG technologies, including fuel cells (FC), microturbines (MT), diesel generators (DiG), and combined heat and power
(CHP) systems, exhibit significantly lower pollution levels compared to traditional power plants. Moreover, energy storage systems
(ESSs) and demand response programs (DRPs) play a crucial role in curbing pollution by minimizing energy losses at the consumption
level. Even mobile ESSs, such as electric vehicles (EVs), contribute to reducing emissions typically associated with conventional fossil
fuel-powered vehicles. However, achieving meaningful environmental benefits from these advancements relies heavily on integrating
a substantial number of resources and active loads (ALs) into the power grid, particularly within distribution networks. This increased
volume of data poses significant challenges for distribution system operators (DSOs), complicating network management processes.
To address these complexities, smart grid principles advocate for employing resource aggregators and active loads within
configurations such as virtual power plants (VPPs) and energy hubs (EHs). Managing multiple energy types simultaneously proves
more effective than handling them individually, especially given the interconnected nature of diverse technologies like CHP systems.
Considering the interdependence among various energy sources and the need for cohesive coordination, adopting the EH model
offers an efficient framework for managing distributed energy resources and active loads comprehensively.
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Numerous studies and research endeavors have focused on integrating energy hubs (EHs) into various energy networks. In
reference [1], the authors explored the stochastic modeling of grid-connected EH participation in the day-ahead (DA) energy market.
This study utilized EHs to coordinate RES, CHP, electric vehicle (EV) parking, battery storage, and DRP. By employing a linear
approximation model, the problem in [1] was solved with optimal solutions with reduced computational time. Findings from this
study demonstrated that the coordinated management of resources and ALs within the EH framework provided greater financial
benefits compared to their independent operation. Additionally, the optimal scheduling of EHs significantly enhanced key
performance metrics for electricity, gas, and heat networks. This improvement included reduced energy losses, as shown in power
distribution studies, and smoother voltage, pressure, and temperature profiles. In study [2], EHs were employed to coordinate RES,
batteries, and CHP systems, focusing on their role in the electricity, gas, and heat sectors. The electricity component of the EH
participated in two energy market models: power pool and bilateral contracts. Results from [2] supported the findings of [1],
confirming the capability of EHs in improving both the operational performance and economic outcomes of the integrated networks.
The stochastic operational model of EHs analyzed in [3] incorporated renewable sources, a combined cooling, heating, and power
(CCHP) system, various storage solutions, and DRPs. Leveraging storage significantly reduced operating costs. A comparable model
was examined in [4], which extended the implementation to EHs connected to a microgrid. To ensure computational efficiency, [4]
also adopted a linear approximation model, achieving an optimal solution with minimal error—approximately 2.5% for active and
reactive power across scenarios [1-2,4]. The reliability of EHs under N-1 contingency events (i.e., element failure) was investigated
in the study [5]. The results highlighted the capacity of optimally scheduled EH resources and ALs to maintain high reliability. In
[6], a scenario-based stochastic operational analysis was conducted for residential EHs while considering RES uncertainties, EVs,
and thermal energy storage (TES). This study also incorporated Monte Carlo simulations (MCS) to account for fluctuations in energy
prices and active power output by distributed generation resources (RDGs). Findings revealed that EVs and TES played significant
roles in reducing operational costs for EHs. Notably, formulating the operational framework for energy networks with EH integration
is inherently nonlinear. Studies such as [1-2] and [4] employed linear approximation models (LAM) to simplify these problems for
computational efficiency. Other research works, including [7-8], utilized non-linear heuristic evolutionary algorithms (NHEA) to
determine optimal solutions. These included methods like modified teaching-learning-based optimization (MTLBO) in [7] and genetic
algorithms (GA) in [8]. Robust modeling techniques have also been applied to address uncertainties by focusing on worst-case
scenarios to derive optimized solutions. Robust optimization approaches typically exhibit lower computational time compared to
stochastic programming while ensuring a favorable performance across other scenarios beyond the worst-case outcome. For instance,
study [9] presented robust modeling strategies that ensured robust optimization outcomes were superior to traditional optimal
responses in standard scenarios. Meanwhile, reference [10] introduced a bounded uncertainty robust optimization (BURO) method.
This approach aligned uncertainty parameters with their upper or lower bounds as they related to their positions within the original
problem formulation. In conclusion, extensive research has underscored the versatility of EHs in improving energy network
performance and economic outcomes while leveraging advanced modeling techniques such as stochastic programming, linear
approximations, heuristic algorithms, and robust optimization methodologies to address operational challenges efficiently.

The text highlights several research gaps, particularly in the domain of system flexibility modeling. Although substantial research
has been conducted across diverse fields, notably energy hubs and other systems, the aspect of flexibility modeling remains
inadequately explored. Accurately determining the status of a system's indicator requires numerical results that can only be obtained
through mathematical modeling. Therefore, to assess the flexibility status of energy networks and EHs, integrating a mathematical
model of the targeted flexibility indicator into the operational analysis of these networks is critical. Energy hubs offer multiple
flexibility resources such as stationary and mobile ESSs, DRPs, and controllable distributed generation units. These resources are
anticipated not only to provide essential flexibility services but also to generate financial gains through their participation. This dual-
purpose approach presents an efficient method for involving these resources in flexibility services. However, the academic and
practical discourse around this topic has been relatively minimal, leaving significant research gaps unaddressed. To address these
gaps, this paper introduces a framework for tackling the flexibility pricing problem in grid-connected energy hubs under conditions
of uncertain energy generation. The proposed solution employs an optimization-based approach, aiming to maximize the financial
benefits of these resources within the flexibility market. The problem formulation incorporates constraints such as the flexibility
models of energy storage systems, responsive loads, and controllable distributed generation. Additional constraints include o ptimal
load distribution equations for energy networks, utilization models for EHs with integrated active resources and loads, and specific
flexibility limitations of EHs. The flexibility models for these resources depend on their active power contributions to the system. To
quantify flexibility pricing, the Lagrange multipliers associated with the flexibility constraints are utilized. A penalty function
corresponding to these constraints is incorporated into the objective function, ensuring accurate pricing. The key contributions of
this work are summarized as follows: 1) Development of a comprehensive flexibility model for energy hubs. 2) Introduction of a
methodology for flexibility pricing. 3) Advancement in energy network flexibility management across diverse systems.

Section 2 outlines the problem's formulation. Section 3 details the test system. Section 4 provides the numerical results, followed
by the conclusion in Section 5.

2. Formulation

Formulation of the problem is as Equation (1).
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This section focuses on the expected profit maximization of flexibility sources (FSs) deriving from offering flexibility services in
energy hubs (EHs), as defined by the objective function in Equation (1) [11]. In the context of flexibility management, two
operational models are examined: 1. When the real-time (RT) RES power exceeds the DA scheduled power. Here, FSs are required
to reduce their power injection into the system during RT operation compared to the DA operation. This is referred to as the
downward flexibility operating mode. 2. Conversely, when the RT RES power is less than the DA scheduled power, FSs operate in
the inverse manner of the first mode, described as upward flexibility. As such, flexibility pricing in Equation (1) accounts for these
two operational modes: downward and upward. The first term of the equation captures the revenue earned by electric FSs from
providing flexibility services in the electrical domain of EHs [11]. The second term addresses the benefits gained from providing
flexibility services within the thermal domain. In Equations (2) and (3), the total flexible power provided by electric FSs under
upward and downward operational modes in EHs is modeled. Correspondingly, Equations (4) and (5) establish a similar
representation for the thermal domain within EHs. Equations (6) through (10) detail the flexible power contributions across different
components: electric DRP, EES, CHP, thermal DRP, and TES under both operational modes. To enhance flexibility from a modeling
standpoint, minimizing system deviations in active (thermal) power under scenarios relative to those in a deterministic scenario
(scenario 1, based on predicted uncertainties) is crucial. Within Equations (6)-(10), flexible power for FSs is computed as the
difference between the active power of FSs under scenario s and the baseline deterministic scenario. A positive deviation value
represents flexible power under the upward operating mode; otherwise, it corresponds to downward operation. Notably, these power
values always remain positive as defined in Equation (11). The network Equations for this model are detailed within Equations (12)-
(28). Equations (12)-(19) represent the power distribution model across electrical, thermal, and gas networks [12-14]. Specifically,
Equations (12) and (13) handle active and reactive power balances across electrical network buses, respectively. Equation (14)
ensures thermal power balance at thermal network nodes, while Equation (15) addresses gas power balance within gas network
nodes. Similarly, Equations (16)-(19) calculate active and reactive power flow through electric lines, thermal power flow within heat
pipes, and gas power flow passing through gas pipelines. Operational restrictions across networks are presented in Equations (20)-
(28): Voltage, temperature, and pressure range limitations are incorporated in Equations (20), (21), and (22), respectively. Apparent
power limits for electric lines, along with thermal and gas flow limits for pipelines, are included in Equations (23)-(25). Analogous
limitations for substations servicing electrical, thermal, and gas networks are outlined in Equations (26)-(28) [15-17].

The performance formulation of EHs is detailed across Equations (29)-(48). Equations (29)-(32) specifically model the balancing
of active, reactive, thermal, and gas power within EHs. The operational modeling of CHP systems is described in Equations (33)-
(36). Here, Equations (33) and (34) determine the thermal and gas power generated by the CHP, derived from its active power
output. Meanwhile, the limitations of CHP’s output capacity for electrical and thermal energy are addressed in Equations (35) and
(36), respectively [10-11]. The electrical DRP framework appears in Equations (37)-(38) [18]. Equation (37) incorporates the active
power control range into the program. Within this program, it is assumed that the energy demands of consumers must be fully met
within the operational time horizon, and this requirement is enforced by Equation (38). Similarly, the thermal DRP performance
follows a comparable structure to its electrical counterpart, aligning with Equations (39)-(40) while sharing Equations (37),(38).
The main distinction lies in replacing variable P with variable H to represent thermal power. In this study, the gas network is treated
solely as a source for CHP-generated electricity or heat; hence, no DRP model is considered for gas usage. The functional model for
EES is laid out in Equations (41)-(43) [19]. Notably, an aggregation model for EVs shares similarities with these Equations but
incorporates time (t) and scenario (s) indices to account for dynamic EV connectivity to EHs. Parameters such as ECR, DER, EI, Emin,
and Emax adjust based on these indices. At any given moment or scenario, ECR and DER represent the cumulative charging and
discharging rates of EVs connected to the EH.

Hourly EI reflects the initial energy contributions of newly connected EVs during that time. Emin corresponds to the aggregated
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minimum energy levels of all connected EVs, while Emax signifies the total future trip energy requirements of these vehicles. In the
EV aggregation model’s Equations, the equality operator replaces the less-than-or-equal-to operator from Equation (43) [1,10]. The
formulation for TES operation is presented in Equations (44)-(46), mimicking the structure of Equations (41)-(43) but substituting
variable P with H to reflect thermal energy considerations. Finally, EH flexibility constraints for the electrical and thermal sectors
are expressed through Equations (47) and (48). From a mathematical modeling perspective, enhancing flexibility involves
minimizing deviations in active or thermal power outputs in a given scenario when compared to those in the baseline deterministic
model (scenario s = 1) [20]. Equations (47) and (48) impose an upper limit of AF on these deviations, where AFrepresents flexibility
tolerance. Setting AF to zero implies complete (100%) flexibility. The dual variables associated with these constraints correspond to
flexibility prices [11]. Flexibility prices are derived by incorporating the penalty functions of Equations (47) and (48) into the
objective function as detailed in Equation (49). This enables simultaneous calculation of both primary and dual variables by the
solver. For a constraint of the form a < b, the corresponding penalty function is defined as A‘max(0, 2 — b), where A represents the
dual variable of the constraint.

max  Profit=> p, > (2%,EFY, + A, EF?, )+ (49)
K it
Yo (A HES, + A7 HE”, )+
s it
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it,s

3. Test system

The proposed scheme has been implemented on three types of ring networks: a 9-bus electric network, a 4-bus gas network, and
a 7-bus thermal network, as illustrated in Figure 1. Detailed data for these networks can be found in [1]. The hourly load for each
network is determined as the product of the peak load and the daily load factor curve, also provided in [1]. The system includes 7
EHs, whose specific locations across the different networks are depicted in Figure 1. The peak loads of these EHs, along with their
components, are outlined in [1]. Two RESs are incorporated into the scheme: wind turbines (WT) and photovoltaic (PV) systems.
Each has a maximum capacity of 0.25 MW, and their hourly power output is calculated by multiplying their respective capacities by
a daily power generation rate curve, as documented in [1]. The scheme also utilizes two types of EES: batteries and EV aggregations.
The battery specifications include a storage capacity ranging from 0.2 MWh to 1.5 MWh, with an initial energy level of 0.2 MWh. It
features charging and discharging rates of 0.8 MW and an efficiency of 90% for both operations. Additionally, the system assumes
the presence of 60 EVs within the EHs equipped with EV parking facilities. The number of EVs fluctuates hourly based on the product
of total EVs and a daily penetration rate curve, as described in [1,11]. Key characteristics of individual EVs, including charging and
discharging rates, efficiency, and energy consumption details, are also reported in [11]. Within the EHs, consumer participation in
the proposed DRP is set at 40%. Furthermore, CHP units are integrated in EHs 4, 6, and 7. These units have a maximum apparent
power of 1 MVA and provide up to 1 MW of thermal power. They operate with turbine efficiency at 40%, loss efficiency at 9%, and
thermal efficiency at 40%. For TES within these EHs, the characteristics are similar to those of the battery storage system, except for
a slightly lower charging and discharging efficiency of 80%. To enhance operational flexibility, the flexibility tolerance (AF) is
specified as 0.05 per unit in this scheme, ensuring the desired level of adaptability for energy hubs.

E Electrical bus
g Gas node
h Heat node
Electrical line
____________ Heat line
—H—  Gasline

station

station

LU

Figure 1. Test system [1].
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4. Numerical results

The problem was solved by IPOPT in GAMS software [21]. Table 1 illustrates the variations in the expected value of flexibility
power and the average flexibility incentive price (FIP) in the electrical and thermal sectors under ascending and descending modes,
corresponding to changes in AF. The analysis reveals that as AF increases, the flexibility power diminishes. This increase in AF, as
described by Equations (47) and (48), indicates a reduced emphasis on the flexibility of EHs within electrical and thermal networks.
Consequently, a higher AF aligns the operations of storage generators, resources, and responsive loads more toward minimizing
network operation costs, thereby leading to less contribution toward enhancing EH flexibility. As a result, flexibility power declines
with rising AF. For instance, at elevated AF values, where Equations (47) and (48) are effectively disregarded, minimizing operational
costs becomes significantly more critical than improving system flexibility. Under such circumstances, DRPs will typically switch to
charging during periods of low demand or cheap energy prices and discharge during high load or expensive energy periods,
remaining inactive at other times. On the other hand, at low AF values, such as when AF equals zero, the DRP remains active
throughout, either drawing power from the grid or supplying it back. Additionally, as indicated in Table 1, an increase in AF also
leads to a reduction in the FIP for both electrical and thermal sectors across ascending and descending modes. This outcome is
directly tied to a decline in the flexibility capacity within these sectors and operating conditions. Finally, Figure 2 presents the trend
of flexibility service providers' (FSs') profits within the flexibility market as AF varies. The graph demonstrates that rising AF results
in decreased FSs' profits due to reductions in both FIP and flexibility power, as outlined in Table 1. This reflects the diminishing role
of flexibility under these conditions.

Table 2 presents operational indicators for two study scenarios within electric, gas, and heat networks. Case I involves analyzing
load distribution across these networks, while Case II focuses on the proposed design for varying levels of AF. The table includes
data on energy losses, maximum voltage drops (or pressure/temperature decreases), and maximum overvoltage (or
pressure/temperature increases). In Case I, all indicator values for the gas network are zero due to the absence of consumers.
However, these indicators show significant levels within the electric and heat networks. Total energy losses are quantified at 7.42
MWh. The maximum voltage drop and temperature drop reach 0.114 and 0.121 per unit, respectively, both exceeding the allowable
limit of 0.1 per unit (based on the range of 0.9 to 1). No overvoltage or temperature increase is observed in this scenario. In Case II,
for AF = 0 (representing 100% flexibility), energy losses are notably reduced in the electric and heat networks by approximately
33.1% and 31.5%, respectively, compared to Case I. Conversely, the gas network experiences an energy loss increase of 1.32 MWh
relative to Case I. Overall, total network energy losses decrease by about 14.9% in this scenario compared to Case I. Regarding
operational improvements in Case II, the maximum pressure drop rises slightly to 0.042 per unit, while maximum overvoltage and
temperature increases reach 0.025 and 0.031 per unit, respectively. However, there is a significant reduction in maximum voltage
drop and temperature drop by 41.2% and 39.7%, respectively, compared to Case I. Moreover, all voltage, temperature, and pressure
values remain within permissible limits (0.9 to 1.1 per unit) under this scenario. It is important to note that as AF increases, the
performance improvement of these indicators becomes more pronounced compared to Case 1. This is because decreasing the emphasis
on flexibility (i.e., increasing AF) allows EHs to prioritize optimizing network operations, as reflected in the data presented in Table
2.

Table 1. Value of flexibility power and FIP in AF.

AF (p.u.) 0 0.05 0.20
EFY
Z Pebliss 14.09 11.97 8.34
it,s (pll)
E D
;p ST 4.5 3.99 2.78
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pr bts 12.43 10.56 7.36
it,s (pu)
D
> P HE?, 415 3.52 2.46
it,s (p-w)
1 of
e Zpﬂ,z..s 5.99 4.37 2.34
e ($/MWh)
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YW ZP Airs 2.47 1.80 0.92
s ($/MWh)
1 =
e DAY, 5.57 4.06 2.08
s ($/MWh)
! P, 2.29 1.66 0.85
TS 5/Mwh) ) ' ’

Table 2. Operation indices value in AF.

Parameter Energy loss (MWh) in electrical, heat, and gas Maximum drop (p.u.) of Maximum over (p.u.) -
networks
Electrica Heat Gas Total Voltage Temperature Pressure Voltage Temperature Pressure
1
Case I 5.21 2.20 0 7.42 0.114 0.121 0 0 0 0
Case 0 3.48 1.51 1.32 6.32 0.067 0.073 0.042 0.025 0.031 0
1I for 0.05 3.42 1.46 1.31 6.20 0.067 0.073 0.042 0.027 0.033 0
AF 0.10 3.35 1.41 1.31 6.08 0.066 0.072 0.042 0.028 0.034 0
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Figure 2. Flexibility profit curve in AF.

5. Conclusion

This paper delves into the pricing mechanisms for flexibility within EHs, focusing on electric, gas, and heat networks. The
proposed framework aims to optimize the profitability of flexible resources housed within EHs by considering their specific flexibility
models. Key constraints include the optimal power flow equations for the energy networks and the operational models of these hubs.
From the analyzed data, several insights emerged: 1) A decrease in flexibility tolerance boosts the power of flexible resources,
subsequently raising flexibility prices. 2) This adjustment significantly enhances the profits of flexible resources participating in the
flexibility market within EHs. 3) Optimal operation of resources, storage devices, and responsive loads in this framework leads to
improved network performance, with total energy losses, maximum voltage drop, and temperature improvements when compared
to load distribution studies. 4) Maximum pressure drop and overvoltage, as well as temperature and pressure readings, remain within
acceptable limits but show an upward trend compared to load distribution studies. 5) Increasing the emphasis on flexibility or
reducing flexibility tolerance can elevate network operating costs. 6) The proposed model successfully achieves full flexibility
conditions, effectively tolerating zero flexibility. 7) Enhanced flexibility levels correlate with increases in network energy losses,
voltage drop, and temperature drop.

EHs are located in consumption areas. Therefore, if a fault occurs in the network, the EH can supply part of the energy consumed
by the consumers. Therefore, the EH can be effective in improving the reliability and resilience of the network. This issue is
considered as future work in the proposed design.

List of symbols
Variables (in p.u.)
Flexibility power of electrical DRP, EES, CHP in downward mode DFPRPe. DFFES, pRCiP
Flexibility power of thermal DRP, TES in downward mode DFPFP | DFTES
Hub flexibility power in upward and downward modes in the electrical section EP’, EFY
Gas and heat power of EH ;e
Gas and heat power of the line G, H
Gas and heat power of the substation [z
Thermal power of TES for charging and discharging modes H, gret
Hub flexibility power in upward and downward modes in the heat section HF’, HFY
Hub active and reactive power P ot
Active power of EES for charging and discharging modes pa poc
Active, reactive, heat, and gas power of CHP PP QC . O GERP
Active and heat power of DRP PRP HPRP
Active and reactive power of the line PO
Active and reactive power of the substation P
Temperature T
Flexibility power of electrical DRP, EES, CHP in upward mode UFPRPe, UFFES, R
Flexibility power of thermal DRP, TES in upward mode UPP™h UF'SS
Range and angle of voltage V, a
Pressure B
FIP in the electrical section 4"’ s 29
FIP in thermal section A7,29
Parameters (in p.u.)
Charge and discharge rates in EES ECR, EDR
Initial energy in EES EI
Min and Max of stored energy in EES Emin, pmax
Charge and discharge rates in TES HCR, HDR
Gas and heat load &, H
Max capacity in electrical, heat, and gas lines GHmax, pimax | glmax
Max capacity in electrical, heat, and gas stations GFmax, pfmax | gémax
Max of heat and apparent power of CHP [CHPmax | GCHPmax
Active and reactive load P
Min and max values of temperature min, max
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Min and max values of the voltage amplitude v, e

Min and max value of pressure B B

Efficiency of EES in charge and discharge modes 7, g

Efficiency of turbine, loss, and heat in CHP it

Scenario probability P

Heat and gas constant for the pipeline @, v

Consumers' contribution rate in DRP ®

Flexibility tolerance AF
Indices

Bus, heat node, and gas node ne, nh, ng

EH i

Bus or node 1

Scenario s

Hour t
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